Introduction
Prescribed trajectory tracking with certain accuracy is a main task of robotic control. The control is often based on a mathematical model of the system. This model is never an exact representation of reality, since modeling errors are inevitable.
Moreover, one can use a simplified model on purpose. In this paper, the structured and unstructured uncertainties are of primary interest, i.e., the modeling error due to the parameters variation and unmodeled modes, especially the friction and sensor dynamics, neglected time delays, etc.
The erroneous model and the demand for high performance require the controller to be robust. The sliding mode controllers (SMC) based on variable structure control can be used if the inaccuracies in the model structure are bounded with known bounds. However, an SMC has some disadvantages, related to chattering of the control input signal. Often this phenomenon is undesirable, since it causes excessive control action leading to increase wear of the actuators and to excitation of unmodeled dynamics.
The attempts to attenuate this undesirable effect result in the deterioration of the robustness characteristics. This is a wellknown problem and widely treated in the literature. In order to obtain smoothing in the bang-bang typed discontinuities of the sliding mode controller different schemes have been suggested. Slotine and Sastry [1] introduced a boundary layer around the sliding surface and used a continuous control within the boundary layer. Burton and Zinober [2] also considered the implications of continuous approximation of the discontinuous VSS control law within a predefined subspace. Elmali and Olgac [3] , Jezernik and Curk [4] developed perturbation estimation schemes, Kaynak and Denker [5] suggested to supplement the control input with a predictive correction term. Recently, fuzzy logic smoothing algorithms have received increased popularity, Hwang and Tomizuka [6] .
Another important issue limiting the practical applicability of SMC is the overconservative control law due to the upper bounds of the uncertainties. In practice most often the worst case implemented in control law does not take place and the resulting large control inputs become unnecessary and uneconomical.
In this paper we suggest an approach to the design of decentralized motion controllers for mechatronics systems besides the sliding mode motion controller structure and disturbance torque estimation. The accuracy of the estimation is the critical parameter for robustness in this scheme, as opposed to the upper bounds of the perturbations themselves. Consequently, the driving terms of the error dynamics are reduced from the uncertainties (as in the conventional SMC) to the accuracy in their estimates. The result is a much better tracking accuracy without being over conservative in control.
Preliminaries
First, the design of the control system will be demonstrated for an uncertain nonlinear system presentable in the form:
where the state vector x ∈ R n , the control vector
t represents the effect of unmodeled dynamics and external disturbances. Assuming the satisfaction of the matching conditions [7] :
t it is possible to lump the total plant uncertainty into a single vector w x ( , ) t and represent the uncertain system in form:
The goal of the sliding mode control synthesis is to find the control u such that the motion of the system (3) is restricted to belong to the sliding mode manifold S
S x x
where σ i t i m ( , ), ,..., x = 1 are continuous switching functions also continuously differentiable with respect to time. Equations
, ,..., x = = 0 1 are so called switching surfaces. In the theory of the VSS with sliding modes it is proven that the closed-loop behavior of the system (3) on manifold (4) is determined by the selection of the manifold [8] .
The condition under which the state will move toward and reach the manifold S is known as the reaching condition. By choosing the Lyapunov function candidate:
a global reaching condition is given by ( , ) V t 
With choosing ( , )
provided that K and D are positive definite matrices.
The control law can be calculated directly from the required form of V . For the system (3) the control law is given by (8) .
It is assumed that the product 
The nominal part of equivalent control depends on known nominal part of system (3) and from selected switching functions:
The disturbance compensation part u cmp of equivalent control depends from total plant uncertainties:
( 1 1 ) The reaching part of control vector ∆ ∆ ∆ ∆u depends from chosen reaching law. For constant rate reaching law (7) this control part is discontinuous:
or for proportional rate reaching law (7) this control part is continuous:
Obviously, the disturbance compensation part u cmp of equivalent control cannot be applied in the form (11) because the perturbation vector w(x,t) is unknown by proposition. If system perturbation is measurable, then a suitable u cmp can be determined to provide the proper corrective action. However, direct measurements of the perturbation in any system are difficult to obtain.
Traditionally, robustness to the uncertainty is achieved by using of discontinuous reaching part sufficiently large regarding to the bounds of ||w(x,t)|| to ensure that the dynamics of the sliding mode converge to zero. Control law (8) with (12) is discontinuous across the switching surfaces, and can be written in the classical form [8] :
The sliding mode exists if u eq is unique and if reaching conditions (15) are satisfied.
If the switching control can be applied is merely dependent from application device. In some applications for example switching converters related systems the on-off operation is a way of live. On the other hand some systems require smooth control signals to avoid excitation of chattering.
( 1 6 ) Using an estimation of the perturbation vector (16) in discontinuous control law, the amplitude of the discontinuous part of the control signal can be reduced according to the reduction of the upper bounds of disturbance estimation
In this case the reaching conditions for the system (3) with control (8), (12) and (16) can be expressed in the form (17). For
Lyapunov function candidate (5) the time derivative is:
Stability of the sliding mode on S is guaranteed if K covers the contribution of disturbance estimation error
Note that K can be time and/or state dependent.
On the other hand, if the switching law cannot be implemented, it is in the case of continuous control law (13) then the reaching condition for the system (3) with control (8), (13) and (16) can be expressed in the form (18). In this case for Lyapunov function candidate (5) the time derivative is:
There are evidently stability problems on the vicinity of σ σ σ σ = 0 .Consequently the disturbance estimation algorithm in the continuous sliding mode control must satisfy much rigorous condition: convergence of disturbance estimation error ∆ ∆ ∆ ∆w x ( , ) t to zero before the system reaches sliding mode manifold. This condition is hard to fulfil. Simplification is given by extension of the term sliding mode. Similar to the definition adopted by Sabanovic [9] : any motion of the system (1) that occurs in the ε-vicinity of the manifold (4) on which the sliding mode motion can exist with control (8), (13), will be referred as the quasi sliding mode motion. This reflects the essence of the continuous sliding mode design method. The control is selected to ensure that the reaching time from any initial condition to the ε-vicinity of the manifold S is finite. In this framework the design of the control system should ensure the stability on the sliding mode manifold S, while the selection of the manifold will provide the means to determine the equations of motion.
Above discussions has been applicable to the continuous time systems. Transition to discrete-time systems is not so obvious as in other design procedures. Opposite to continuous time systems in discrete-time systems the sliding mode existence of perturbed systems does not require discontinuity of control [10] . That is important fact, which allows chattering free sliding mode design.
The disturbance estimation algorithms can be classified into three groups.
• Filtering of the implemented discontinuous control signal. It is based on the proposition that in sliding mode the average value of the control is the same as equivalent control. The averaging is made by dynamic filtering [11] . The disturbance vector can be then calculated from equivalent control. From (9) comes:
where u nom is known nominal control and u eq is estimated equivalent control. The disadvantage of this approach is in reaching phase when the average control differs from the equivalent control.
• Calculation the equivalent controls from time derivative of switching functions and from applied control vector can be used for continuous control. Time derivative of the switching function is given by:
Putting the system equation (3) in (20) follows the relation between equivalent control term, applied control vectors and time derivative of switching function.
This algebraic relation is valid in any time instant and not depends on system mode. Suppose the control law :
where u c represents necessary control which satisfy chosen reaching condition. Insertion of (21) in (22) follows to:
This relation is of recursive form and can be implemented in discrete time control systems [9] :
This powerful approach often requires an additional approximation in calculation of time derivation of the switching function and the stability of close loop system is hard to proof.
• Observer based disturbance estimation algorithms are often used for model reference control systems. Various nonlinear and linear techniques are used also the sliding mode technique [12] .
In the continuation of this paper another approach for disturbance estimation is proposed. In this approach, the disturbance estimator is incorporated into the modified switching function calculation and control task decay into two steps: first reaching the sliding mode on modified sliding surface and second asymptotic convergence to the original sliding manifold, where the system has prescribed dynamics.
Control object
An n-DOF robotic manipulator fully actuated by electrical machines, is assumed as a control plant. A mechanical system can always be modeled in the form (1) and it always satisfies the matching condition (2) . Thus the dynamic model of the robot mechanism in the joint space can be put into the form 
where 
, thus all interconnected terms are included in w( , , , ) t , then the system (27) may be presented as a block structured of all blocks being of the third order.
Each block represents the dynamics of the i-th subsystem corresponding to the i-th DOF of the whole system (27).
The control plant can be represented in decentralized structure
where x x x = [ ,..., ] 
where J i ( ) q is scalar positive definite function corresponding to i-th diagonal element of matrix J q ( ) and J i −1 ( ) q is its inverse. Note that the full order model with voltages of electrical machines as plant inputs (in most cases generated by switching converters) require the discontinuous control approach as distinguished from reduce order model with torque inputs, where the control must be continuous.
Decentralized control design
In order to obtain smooth mechanical motion of the mechanism the continuous desired trajectories with values
, and
The goal of the control design is to find a discontinuous control:
The switching function, which determines the mechanical motion, is chosen to be of second order and a function of angular position, velocity and acceleration errors:
where q i c is calculated acceleration consists from desired and measured signals:
K vi and K pi are control design parameters that in the sliding mode (σ i =0) determine the damping and the maximum frequency of the decentralized prescribed dynamics of second order and can be chosen directly, or may be assigned, using Ackermann's formula [13] .
The sliding mode exists if u eq is unique and if applied control functions u i + and u i -satisfy reaching conditions
According to the so-called equivalent control method [8] In the case of the system (28) with switching functions (30), the corresponding equivalent controls can be represented in the
Fulfilling the reaching condition (32) depends from the bounds of voltage disturbance e i , desired trajectory and tracking error and from time derivative of the torque disturbance w i which can be of large value. Note that for the switching function calculation (30) the full state feedback is required.
Perturbation estimation
For the practical control implementation the measured quantities are state variables q i . The acceleration signal q i is not measurable and can be obtained by double differentiation of the angular position q i ,but it is contaminated by the measurement noise to such a degree that it can no longer be used.
Consequently, the acceleration signal q i needs to be replaced by an estimated value q i , which is obtained simply from the differential equation of motion
where τ i is the active measurable drive torque developed by the actuator and w i is the estimate value of the load torque. The expression (34) is inserted into the control scheme (30) by replacing the real acceleration q i with an estimated value q i .
The consequence of this replacement is that the equivalent dynamics in the sliding mode is described by a modified switching function:
where ∆w w w
= − is the perturbation estimation error. In the realization this modified switching function can be expressed as a difference between reference and measured torque:
The reference torque (37) consists of motion controller and perturbation estimation outputs.
The stability of sliding mode is guaranteed if reaching conditions (32) with the equivalent control (38) are satisfied.
Obviously, time derivatives of estimated perturbances w i requires much smaller amplitude of control signal that in the case of full state feedback (33) and conditions (32) can be easier satisfied. On the other hand, in the case of bounded control inputs, faster reference trajectories and higher sliding mode dynamics can be applied without the stability problems.
It is easy to see that 
= − + ( 4 3 ) for the Luenberger observer and for the PI estimator if the sliding mode is guaranteed on σ i e .
In this paper we propose an improvement of estimator in the form:
where K i is the disturbance rejection factor and can be chosen as the positive number and
. The disturbance error dynamics of the estimator (44) is:
The advantage of the proposed estimator is its ability to estimate the high frequency modes of w i .This ability depends on the design coefficient K i . In the Laplace domain (45) becomes: 
The influence of disturbances is reduced through disturbance rejection factor K i at all frequencies. 
Simulation results
To illustrate previous results the SISO system described by model (48) is simulated for different values of the disturbance rejection factor K. The results are presented in Fig. 2 -Fig. 3 .
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. . Fig. 2 shows the perturbation estimation error between perturbation w t d t B u ( ) ( ) = +∆ and estimated value w for different K. Figure 3 presents the dependence of the tracking error on the value of the disturbance rejection factor. It is evident that the tracking error rejection occurs for K < 1.
For the experiment we used 3-DOF Puma like configuration direct drive robot [15] , built at our institute, Fig. 4 . Robot is 
Conclusion
This paper introduces a new robust tracking control algorithm for a class of second order nonlinear motion control systems.
The consolidation of the perturbation estimator into the sliding mode controller demonstrates significant performance improvement over the full state feedback form of the sliding mode control. The stability analysis shows that as long as the estimator stability is guaranteed, the controller can be also stable. A design procedure for a systematic formulation of the new routine is presented utilizing frequency domain techniques. Experiments on a 3-DOF Puma like DD robot confirm the superior performance of proposed sliding mode motion controller. The salient feature of the proposed approach is a computationally straightforward procedure, which is easy to implement. 
